The Bardeen-Cooper-Schrieffer (BCS)-Bose-Einstein condensation (BEC) crossover in the two-dimensional attractive Hubbard model under the magnetic field is discussed at the halffilling at T = 0 K on the basis of the formalism of Eagles and Leggett. It is shown that the so-called Fulde-Ferrel-Larkin-Ovchinikov (FFLO)-like state with a non-zero center-of-mass wave vector q = 0 is not stabilized in the weak-coupling (BCS) region, while such a state with q = 0 is stabilized against that with q = 0 even in a wide strong-coupling (BEC) region where di-fermion molecules are formed. The physical implication of this surprising result is discussed.
account, the gap equation at T = 0 is given as
where θ is the Heaviside function. Similarly, the total number of fermions per site at T = 0 is given as
Equation (11) determines the chemical potential µ as a function of U. Then, Eqs. (10) and (11) should be solved simultaneously as in the theoretical framework of Eagles 2 and Leggett. 3 With the use of thus-determined ∆ q and µ, the ground-state energy per site with a fixed q is
given as
The true ground-state energy is determined so that the energy given by Eq. (12) becomes minimum with the relaxation of the COM wave vector q. We solve the self-consistent equations (10) and (11) numerically by dividing the first Brillouin zone up to 1000×1000 meshes; we then determine the ground-state energy given by Eq. (12) for a fixed COM wave vector q. Then, we seek the wave vector q that minimizes E 0
3/10
given by Eq. (12) . The filling of electrons is restricted within the case of half-filling, otherwise stated explicitly. We have verified that the results are essentially independent of the mesh size of the first Brillouin zone even if the mesh size decreases from 900×900 to 500×500. Figure   2 shows some examples of the distribution of the ground-state energy E 0 in the space of the COM wave vector q for U = 6t and H/t = 0 [ Fig. 2(a) ], H/t = 1.0 [ Fig. 2(b) ], and H/t = 1.6
[ Fig. 2(c) ]. In the case of U/t = 6, for the magnetic field 0 < H/t < 2.05, the COM wave vector minimizing the ground-state energy, Eq. (12), is q=(q x , q y = 0) or q=(q x = 0, q y ). Such q x is drawn in Fig. 3 effect due to the van Hove singularity works to compensate for the effect of magnetic fields destabilizing the pair with q=0 as shown in Fig. 5(b) . We have verified that the FFLO-like state recovers for which the van Hove singularity shifts sufficiently from the Fermi surface.
The phase diagram in a wider region of parameters H/U -U/t is shown in Fig. 6 . Note that there exists a region where the pairing with q=(π, π) is stabilized in the strong-coupling region U/t ∼ 12 and H/U ∼ 0.28. The attractive interaction is larger than the half bandwidth W/t = 4 so that the BEC region is realized. At first sight, this is somewhat surprising because it seems difficult for a tightly bound "di-electronic molecule" to acquire the COM wave vector.
However, it turns out to be rather natural considering the dispersion of electrons under the strong magnetic field larger than W, the half bandwidth, as shown in Fig. 7 . Namely, the "molecule" is expected to form between the electron around the Γ point k=(0,0) with the 5/10 down spin (the bottom of the minority band) and that around the M point k=(π, π) with the up spin (the top of the majority band), because the energy difference between the up-spin band and the down-spin band takes a minimum for such a combination of k points, giving q=(π, π). The FFLO-like state does not exist in the weak-coupling region even in the halffilling case and the case in which the next-nearest-neighbor hopping is finite. Details of effects of the next-nearest-neighbor hopping will be discussed elsewhere.
The Shiba transformation is defined as 18
where R i is the position vector in unit of the lattice constant a of the simple square lattice. By Here, we note that the charge density wave (CDW) state is degenerate with the BCS state to the thermodynamic potential treated by Nozière and Schmitt-Rink. 21 This implies that the equivalency between the attractive and repulsive Hubbard models is not always maintained if some sort of approximation is introduced.
In conclusion, we have investigated the BCS-BEC crossover in the attractive Hubbard model on the square lattice under the magnetic field at the half-filling at T = 0 K on the basis of the formalism of Eagles and Leggett. It has been shown that the so-called FFLO-like state with a nonzero center-of-mass wave vector q = 0 is not stabilized in the weak-coupling (BCS)
region, while such a state with q = (0, 0) is stabilized against that with q = 0 even in a wide strong-coupling (BEC) region. In particular, q=(π, π) in the strong coupling limit U ≫ W .
